INTRODUCTION
Arteries and other blood vessels, tendons, ligaments, skin, cornea, cartilage, intervertebral discs and the gut, among others, are deformable collagenous tissues whose physiological functioning crucially depends on their mechanical properties. Moreover, it is well known that the mechanical environment experienced by these tissues play a critical role in the origin and progression of diseases. In particular, with respect to the cardiovascular system: stroke, aortic aneurisms and dissections, acute myocardial infraction (MI) and congestive heart failure (CHF) 1 e-mail: debotton@bgumail.bgu.ac.il, tel: int. (972) as well as restenosis following intravascular stenting and other cardiovascular diseases and injuries, result in significant morbidity and mortality worldwide. Accordingly, many methods of clinical treatment and surgical interventions largely rely on mechanical effects (Humphrey, 2002) . Over the last decade, the unique mechanical behavior of soft biological tissues and particularly that of the arterial wall has been receiving considerable attention in the literature.
Despite the significant progress, there remains a pressing need for a better understanding of the fundamental role of mechanics in vascular physiology and pathophysiology, that will eventually enable the prediction of the mechano-stimulated vascular adaptation (Humphrey, 2003; Holzapfel and Ogden, 2010) .
On top of the complications related to the biological aspects, even the characterization of the purely mechanical factors governing the response of soft connective tissues is not a straightforward procedure and requires a reliable constitutive model. The main constituents of soft tissues are: fibroblasts, the extra-fibrillar matrix (EFM) which includes the elastin, and the collagen fibers. From a mechanical viewpoint, the most important load-bearing component is the collagen fibers network. The function, strength, integrity and stability of soft tissues are maintained by the structural arrangement of the collagen fibers. Thus, changes in collagen content, orientation, fiber type or fiber thickness, all have a major impact on the overall responses of the tissues. Many of the aspects related to the collagen fibers are discussed in Fratzl (2008) .
The histology of collagenous tissues evolves in a way that optimizes their overall mechanical functionality. Specifically, the mechanical behavior of the artery depends on its anatomical site.
For instance, Taber and Humphrey (2001) note that the properties of the vascular tissues vary across the arterial wall. Also, it has been demonstrated that the distribution of the angle of the collagen fibers network vary through the thickness of the artery, particularly at bifurcation sites (Holzapfel et al., 2002; Hariton et al., 2007b) .
Today it is widely accepted that changes in the ambient mechanical loads acting on the tissue are followed by a remarkable continuous adaptation of the tissue. The versatility of collagen as a building material is mainly thanks to modification of its structure. Collagen adaptation to loading both in healthy and diseased tissues involves two main processes: remodeling and growth. Particularly, the fibers may grow and reorient in order to meet new mechanical demands. Growth is defined as the change in concentration due to mass transport. Remodeling is considered as reorganization of existing fibers at constant mass (Ambrosi et al., 2011) .
The list of examples of vascular growth and remodeling in normal development, ageing, disease progression, functional adaptations to altered environments and responses to injury or clinical treatment is endless (e.g., Ambrosi et al., 2011) . Hypertension is an example of a disease that causes and is caused by alternations in the mechanical environment of the arterial wall. In hypertension, the sustained increase in blood pressure may result in a thickening of the wall as a consequence of collagen deposition and associated restoration of the hoop stress to its normal value. There are also changes in blood flow-induced wall shear stress that effect the artery wall such as enlargement of lumen diameter due to increased wall shear stress.
Obviously, during the development of hypertension, marked changes in the microstructure and functionality of blood vessels take place. Growth and remodeling processes of collagen fibers serve to restore the stresses to their homeostatic levels. These processes attempt to recover and maintain the preferred form and function and are fundamental for adaptation to altered blood flow (Humphrey, 2008; Eberth et al., 2010) . In the context of tissue engineering, Nerem and Seliktar (2001) emphasized the strong influence of mechanical loading on the remodeling of the collagen network.
It is evident that in order to accurately capture the stress-strain response of the heterogeneous, anisotropic, and highly nonlinear tissue with its characteristic stiffening at large strains, it is necessary to develop a tool that enables to account for the specific contributions of the significant constituents to its overall mechanics. Moreover, to conduct remodeling analyses that provide further insight into the mechanical behavior of the phases composing the tissue, structurally-based constitutive models that incorporate collagen fiber alignments, are needed.
The motivation for our research is best summarized in Humphrey (2009) who states that one of the conspicuous shortcomings that have remained is "the need to account explicitly for separate contributions by the diverse structurally significant constituents within the arterial wall".
Nonetheless, while phenomenological models that treat the arterial walls and other soft collagenous tissues as homogeneous materials were developed in recent years (e.g., Fung, 1967; Lanir, 1983; Humphrey and Yin, 1987; Holzapfel et al., 2000, among others) , to date only a few micromechanics-motivated studies exist in the literature (e.g., deBotton and Shmuel, 2009; Chen et al., 2011) .
The aim of this work is to introduce a novel comprehensive micromechanical-based model for the determination of the macroscopic response of soft tissues with two families of fibers in terms of the properties of the constituting phases, their spatial distribution and the interactions between them in a consistent way. At the present stage of the study we restrict our attention to passive response of tissues which are not pre-stressed in their load free configuration, and neglect aspects such as fiber-fiber and fiber-matrix cross-links (e.g., Avery and Bailey, 2008) .
Nonetheless, adaptation of this approach allows to reflect features of the arteries geometry and morphology, in particular the orientations distinguished by the collagen fiber structure and variations in their content. Among other aspects this approach will also allow to account for changes in the composition of the constituents, thickening of the fibers, alternation in their density, deterioration of the EFM due to disease (e.g., de Figueiredo Borges et al., 2008) or variations in nutrition habits. Indeed, the advantages of being able to extract the overall behavior of the tissue from the individual behaviors of the phases and their histology are clear.
In particular, if fair estimates for the fiber and the extra-fibrillar matrix behaviors are known, this technique will play a key role in providing exact and realistic predictions for the mechanical properties of both healthy and diseased tissues that can be deduced from patient-specific non-invasive inspection techniques.
Consistent micromechanics analyses are commonly based on homogenization theories. While numerous works adopting this approach exist in the limit of infinitesimal deformation elasticity, for finitely deforming materials only a few works can be found in the literature. The foundations of the homogenization theory for geometrically nonlinear materials were outlined 40 years ago by Hill (1972) and Ogden (1974) , however, analytical results for fibrous materials that are based on this theory become available only in the last decade. Rigorous predictions and estimates for hyperelastic materials with one family of fibers were introduced by deBotton and ; Shmuel and deBotton (2010) and Lopez-Pamies and Idiart (2010) , and corresponding results for materials with two families of fibers were determined by deBotton and Shmuel (2009) . Estimates for fiber composites that are based on the linear comparison method of Ponte Castañeda and Tiberio (2000) were determined by Brun et al. (2007) and Agoras et al. (2009) . Chen et al. (2011) followed this method to estimate the behavior of materials with two fiber families. The results presented in this work are based on the nonlinear comparison (NLC) variational estimate introduced recently by deBotton and . This method allows to extend available estimates for the macroscopic behavior of hyperleastic heterogeneous materials to families of hyperelastic materials with different constitutive behaviors of the phases.
To demonstrate the validity of the estimates obtained by application of the NLC variational method we compare its predictions with corresponding finite element (FE) simulations. In this regard we note that due to the expected advantage of the micromechanics-motivated approach, the microsphere formulation, which is a finite element based technique that accounts for the local microstructure of the material, was recently applied to model the response and remodeling in soft collagenous tissues (e.g., Menzel and Waffenschmidt, 2009; Alastrué et al., 2009 ). Here, we numerically tackle the homogenization problem by considering a 3-D periodic specimen whose representative unit cell contains two families of fibers. We note that this approach is inefficient for large models, but in this work it allows to compare the predictions of the analytical estimates under uniform loading conditions. The work is structured as follows: In the following section we briefly revisit the required background including homogenization theory in finite deformation elasticity. We also recall the variational statement that enables to determine the analytical estimates for the behavior of the collagenous tissue as well as the complementary finite element procedure for periodic media. In section 3 we apply the two techniques to a specific tissue, namely a healthy human coronary artery. This is accomplished by appropriate choices of the behaviors of the constituents composing the artery and its histology. Finally, predictions for the response of the tissue to different loadings according to the analytical and the numerical formulations are determined and compared. A short summary concludes the work.
THEORETICAL BACKGROUND
The Cartesian position vector of a material point in a reference configuration of a body B 0 is X, and its position vector in the deformed configuration B is x. The deformation of the body is characterized by the mapping
The deformation gradient is
We assume that the deformation is invertible and hence F is non-singular, accordingly
Physically, J is the volume ratio between the volumes of an element in the deformed and the reference configurations, and hence J = dv dV > 0. Soft biological tissues are commonly treated as hyperelastic materials for which the constitutive relations are given in terms of a scalar-valued strain energy-density function Ψ(F) such
where P is the first Piola-Kirchhoff or the nominal stress tensor. The true or Cauchy stress tensor is related to the first Piola-Kirchhoff stress tensor via the "push forward" operation
In the absence of body forces the equilibrium equation is
The strain energy-density function of an isotropic material can be expressed in terms of the three invariants of the Cauchy-Green strain tensor C ≡ F T F, namely
The strain energy-density function of a transversely isotropic (TI) material, whose preferred direction in the reference configuration is along the unit vectorN 1 , depends on the two additional invariants
A tissue with two identical families of fibers admits an orthotropic symmetry. If the two families of fibers are aligned along the unit vectorsN 1 andN 2 , the strain energy-density function describing its behavior depends on three more invariants. Two are analogous to the ones listed in Eq. (8), namely
and the last one
corresponds to the interaction between the two families.
As was mentioned in the introduction biological tissues are heterogeneous materials. Accordingly, we consider next a heterogeneous body made out of N distinct phases whose behaviors are characterized by the strain energy-density functions Ψ (r) , r = 1, . . . , N. In the reference configuration each phase occupies a domain B 0 (r) . The local behavior of the heterogeneous material is given in terms of the strain energy-density function
where the characteristic functions
describe the spatial distributions of the phases within the body. The volume fraction of the r-phase in the material is
where V is the referential volume of the body and clearly ∑ N r=1 c (r) = 1. For accurate modeling of this heterogeneous material behavior we need, at one hand to account for the interactions between the phases and, at the other, to characterize its macroscopic behavior in terms of relevant information which is elevated from the microscopic level. To accomplish this task we recall the homogenization procedure introduced in the pioneering works of Hill (1972) and Ogden (1974) . Thus, we apply homogeneous boundary conditions
on the boundary of the heterogeneous body ∂ B 0 , where F 0 is a constant matrix with det F 0 > 0.
By application of the divergence theorem it can be shown that the average deformation gradient satisfies the relationF
The average nominal stress tensor isP
By application of the principle of minimum energy, the effective or macroscopic strain energydensity function is (Hill, 1972; Ogden, 1974) ,
where
is the set of kinematically admissible deformation gradients. The corresponding macroscopic constitutive relation is
The associated macroscopic true stress is determined by the "push forward" operation Eq. (5) with respect toF. Generally, application of the variational principle (17) to heterogeneous materials can lead to bifurcations corresponding to abrupt changes in the nature of the solution to the optimization problem (e.g., Triantafyllidis and Maker, 1985; Rudykh and deBotton, 2011) .
In this work the issue of instabilities is not accounted for and the response of the heterogeneous media is considered only along the primary loading curve.
The solution to the variational statement Eq. (17) is not trivial, and we will make use of the NLC variational estimate of deBotton and Shmuel (2010) to obtain close form estimates for the effective behavior of the tissue. The NLC variational estimate forΨ(F) states that (19) is denoted the corrector term, and we note that it depends only on the properties of the phases composing the two heterogeneous materials.
This method was applied by deBotton and Shmuel (2010) and Rudykh and deBotton (2011) to determine the behaviors of transversely isotropic materials with one family of fibers. Thus, it is assumed that there are two distinct constituents in the tissue, the fibrous phase and the extrafibrillar matrix. Each phase is incompressible, isotropic, and its behavior can be approximated by a hyperelastic model that depends on I 1 only. Specifically, we denote by Ψ ( f ) (I 1 ) and (2010), the NLC estimate for the effective strain energy-density function is given in terms the minimization problem
I 1 andĪ 4 are the invariants of the macroscopic Cauchy-Green strain tensorC =F TF , and
Denote byω 1 the value of ω 1 that yields the solution to the minimization problem (20). In some casesω 1 can be determined analytically otherwise it must be calculated numerically. In general, however,ω 1 =ω 1 (F). Nonetheless, since the partial derivative ofΨ (T I) with respect to ω 1 identically vanishes atω 1 , the expression for the macroscopic stress can be evaluated analytically without the need for differentiatingω 1 with respect toF. Consequently, the macroscopic nominal stress is
We model a tissue with two families of fibers as a layered medium made out of transversely isotropic fibrous layers such that in the referential configuration the fibers in two adjacent layers are alternately directed along the vectorsN 1 andN 2 (e.g., deBotton and Shmuel, 2009). We stress that in contrast with artificial composites where, due to the manufacturing process, the interaction is between the two layers of fibers, in biological tissues the interaction is between the individual fibers belonging to the two families (e.g., Fig. 1b) . One of the aims of this work is to investigate the role of these different interaction hierarchies and the effect of this assumption on the predicted overall response. It is assumed that the thickness of the layers is substantially smaller than the thickness of the tissue, and that the layers are perfectly bonded to each other.
In a tissue with two identical families of fibers the unit vectors are symmetrically aligned with respect to a symmetry axis (e.g., X 1 -axis in Fig. 1a) , and the volume fractions of the two layers are identical. The overall symmetry of this two-hierarchies model is orthotropic.
In a physiological state it is anticipated that the anti-plane shear components are orders of magnitude smaller than the in-plane components (e.g., in the coordinate system of Fig. 1a, F 13 and F 23 are substantially smaller than the other components of F). Accordingly, as outlined in Appendix A, the overall behavior of the orthotropic tissue iŝ
whereĪ 1 ,Ī 4 andĪ 6 are the appropriate orthotropic invariants ofC =F TF . Here,Ĩ (r)
1 (Ī 1 ,Ī 6 , ω 2 ) are given in Eq. (21) withĪ 6 and ω 2 replacingĪ 4 and ω 1 for the second family of fibers, respectively.
We note that the two minimization problems in the expression forΨ (T FF) can be solved independently, and denote byω 1 andω 2 the values of ω 1 and ω 2 at the minima, respectively.
Thanks to an argument similar to the one preceding Eq. (23), the following expression for the macroscopic nominal stress is derived analytically. where, as before, Ψ
1 (I 1 ) is the derivative of Ψ (r) (I 1 ) with respect to its argument. We emphasize that this is a close-form explicit expression for the stress and the values forω 1 and ω 2 can be substituted once the minimization problem Eq. (24) is solved, either analytically or numerically.
Before we proceed we emphasize that the expressions for the macroscopic SEDFΨ (T FF) and the macroscopic stressP (T FF) involve, as they should, the histology of the tissue in terms of the direction and volume fraction of the collagen fibers together with the expressions for the behaviors of the two constituents in terms of their SEDFs Ψ (m) and Ψ ( f ) .
We consider next the FE model to which the aforementioned analytical expressions are compared. Drawings of the elementary unit cell and a representative section of the periodic media containing four elementary cells together with the chosen coordinate system are shown in Fig. 1a and b, respectively. Arbitrarily we define a material coordinate system such that in the reference state the direction between the two families is aligned with the X 1 -axis. With respect to an artery, axes X 1 and X 2 may be associated with the circumferential and the axial directions, respectively.
The referential angle between the fiber's direction and the X 1 -axis is denoted Θ. Accordingly, the ratio between the lengths of the planar edges of the cell is
where a and b are the lengths of the faces along the X 1 and the X 2 axes, respectively. Due to the periodicity, the total length of the fiber segments in the unit cell is 2 √ a 2 + b 2 , and the total volume of the fiber in the cell is
where d is the diameter of the fibers. Once the volume fraction of the fiber c ( f ) is set, the condition for the distance between the planes of the two families h (half the hight of the unit
The geometrical requirements h/d > 1 and a sin Θ/d > 1 imply that
We note that in the (X 1 , X 2 )-plane the spacing between the fibers is a sin Θ, and the spacing between the fibers in the X 3 direction is h. A requirement that the spacing will be identical
The response of the heterogeneous material is obtained by applying periodic boundary conditions on a single unit cell (e.g., Fig. 1a ). In the undeformed configuration the unit cell occu-
The expressions for these conditions are written in terms of the components of the macroscopic deformation gradient tensorF as follows:
(1) The displacements of points on the right (X 1 = a) and the left (X 1 = 0) faces are related
and traction free conditions were assumed for the shear components in the X 3 direction.
(2) The displacements of points on the front (X 2 = 0) and the rear (X 2 = b) faces are related
(3) On the top (X 3 = 2h) and bottom (X 3 = 0) faces u B 3 = u T 3 = 0, and traction free conditions were assumed for the shear components in the X 1 and X 2 directions.
The overall behavior of the heterogeneous media was then determined from the relations between the average of the stress field (e.g., Eq. (16) with Eq. (5)), and the corresponding applied macroscopic deformationF.
For inclined loadings we distinguish, for convenience, between the principal coordinate system of the right Cauchy-Green deformation tensor and the material coordinate system. Under plane-strain loading condition, thanks to the assumed incompressibility of the tissue, in the principal coordinate system the most general macroscopic deformation gradient is
where λ is the principal stretch ratio. This is related to the average deformation gradient in the material coordinate system via the relation
and β is the referential angle between the direction of the principal stretch ratio and the axis X 1 .
APPLICATIONS
In this section we make use of both the variational estimate and the periodic FE simulation technique to determine the overall behavior of a specific tissue with two families of fibers.
To this end we first make an appropriate choice for the SEDFs of the collagen fibers and the extra-fibrillar matrix.
While most of the biochemical processes in the tissue occur within the extra-fibrillar matrix, from a mechanical viewpoint the fiber phase is more interesting. In the referential state of the tissue the fibers are crimped and straighten when the tissue is subjected to tension in the fiber direction (e.g., Freed and Doehring, 2005; Holzapfel, 2008) . Thus, initially the contribution of the fiber is quite small but when straighten it becomes the primary load carrying component in the tissue. Since not all the fibers straighten simultaneously, there is a recruitment stage during which more and more fibers straighten and gradually increase the overall stiffness of the tissue.
A hyperelastic model that can capture this phenomenon is the Gent (1996) model
Here µ is a shear like modulus and J m is a dimensionless "locking" parameter. Qualitatively, the behavior exhibited by this model can be characterized as follows. In the small strains regime 
This model is characterized by a single shear-like modulus µ. In the limit J m → ∞ the Gent model (37) reduces to the neo-Hookean model.
In the course of this work models of tissues with neo-Hookean matrices were analyzed by both the NLC variational estimate and the finite element method, and compared with corresponding predictions of phenomenological models. It was found that as long as no dispersion of the fibers is assumed the usage of a neo-Hookean model for the matrix phase leads to a fine agreement with the phenomenological predictions. However, as soon as the distributions of the fibers about their primary directions are accounted for, the neo-Hookean model fails to provide satisfactory agreement with the experimentally fitted findings. The reason is the inability of the neo-Hookean model to capture the stiffening of the dispersed fibers during extensions that are not along the primary directions. Consequently, in the current study that is aimed towards demonstration of the ability of the micromechanics based model to capture the essential aspects of the behavior of heterogeneous soft materials, we assume no dispersion of the fiber and a Gent model for the behavior of the extra-fibrillar matrix. The neo-Hookean model will be used in subsequent studies where dispersion of the fibers will be accounted for.
Aside from the ability of the chosen Gent model to capture the behaviors of the two constituting phases, a computational advantage stems from the fact that with this choice the optimization problem (24) can be solved analytically. Thus, the associated Euler-Lagrange equations admit the form of cubic polynomials in ω 1 and ω 2 , from which explicit close-form expressions for ω 1 andω 2 are obtained (deBotton and Shmuel, 2010). We emphasize, however, that within the framework of the proposed variational estimate (24), the models for the tissue constituents can be easily modified or replaced with other, possibly more sophisticated, models.
In total there are 4 material parameters corresponding to the shear moduli and the locking parameters of the extra-fibrillar matrix and the fibers. In addition, there are two histological parameters, namely the volume fraction of the fibers and the opening angle between the two (Holzapfel, 2008) . At this stage of our study we wish to treat the tissue as a single layer and hence we used the average value of the parameters for the two dominant layers. Thus, the numerical values used for the five parameters appearing in Eq. (1) of Holzapfel et al. (2005) The numerical values that were chosen for the modeled tissue are summarized in table 1.
These were determined by comparing the predictions for the stored energy-density according to the micromechanics based model Eq. (24) plane principal orthotropic axes X 1 and X 2 , respectively. We note that this choice of parameters leads to a fine agreement between the three different models and emphasize that throughout this work the parameters listed in Table 1 are used for both the NLC variational estimate and the FE simulation. We recall that for the periodic FE model an additional parameter, namely the relative spacing between the fibers, needs to be set. For the chosen histological parameters inequality (29) is 1 < h/d < 2.6, and according to Eq. (30) the choice h/d = 1.62 will lead to identical spacing. We note that a choice of h/d < 1.62 will increase the cross-families interaction between the fibers in the two families, whereas a reversed choice will increase the internal interaction between the fibers in the two families. In this work the choice h/d = 1.2 was made in order to maximize the interaction between the fibers in the two families. This was done in order to critically examine the assumption embedded in the analytical model that the out of plane interaction is between layers of fibers and not between the fibers themselves. The deformations of the unit cell and the distributions of the stored strain energy during the two loading conditions are demonstrated in Fig. 3 for λ = 1.29. In both cases the fibers are stretched and the elastic energy stored in the fibers is an order of magnitude higher than the one in the EFM. This is due to the fact that the stiffer fibers carry most of the mechanical load at this stage of the deformation. It is interesting to note that although the stretching is along the principal orthotropic axes, the cell undergoes local shear and hence in the deformed configuration its boundary is not straight. This local shear is associated with the imposed periodic boundary conditions.
To examine the ability of the NLC estimate to capture the behavior predicted by the periodic FE simulation, we also compare their predictions under incline loading conditions. Two configurations are considered corresponding to tensions at angles β = 21.5 • and β = 43 • relative to the principal orthotropic X 1 -axis. These loading states may correspond to combinations of axial and hoop extensions together with a twist of the artery. Particularly, with β = 43 • the tension is along the first fiber families (the bottom family in Fig. 1 ), while the second family is in a state of compression in the fiber direction. Under tension at an angle β = 21.5 • , the first family is under a combination of shear and tension while the second family is under compression and shear.
It is widely accepted that the collagen fibers do not contribute to the stiffness of the tissue when compressed in the fiber direction (e.g., Holzapfel, 2008) . Accordingly, during the incline tests we examined two different cases. In case-(i) the behavior of the compressed fiber family was set to be identical to that of the extra-fibrillar matrix. That is, under compression the fiber behaves according to the Gent model with µ (m) and J
m . Essentially, this resulted in models with a single load-carrying family of fibers, the one under tension. In case-(ii) the fiber behavior was not modified and the contribution of the second family to compression was accounted for (i.e., the fiber behaves according to the Gent model with µ ( f ) and J respectively. The severe macroscopic shear to which the cell is subjected can be appreciated.
In addition, the local shear resulting from the periodicity conditions is associated with the curvature of the cell faces. In case-(ii) the upper family of fibers which is subjected to compression can be easily distinguished due to the higher level of stored energy in comparison with the surrounding matrix. Contrarily, in case-(i) the amount of the stored energy-density in the compressed fibers is identical to the one in the surrounding EFM.
In Fig. 6 the estimates for the stored energy-density according to the two micromechanics based models are shown. Figs. 6(a) and (b) correspond to extensions at angles β = 21.5 • and β = 43 • , respectively. The NLC estimate is represented by the continuous curves, the periodic FE model by the dark marks, and we also depict the corresponding results according to the model of Holzapfel et al. (2005) (dashed curves). Case-(i), with no contribution of the fibers in compression, is identified by blue square marks and case-(ii), where their contribution is accounted for, by the green diamond marks.
Our first observation concerns the excellent agreement between the two micromechanics based models. Thus, in all four cases the shaded marks that correspond to the FE simulations are lying on top of the continuous curves derived by the NLC estimate. This suggest that the close form NLC estimate accurately captures the response of the heterogeneous material.
Contrarily, while the general trend of the phenomenological model is reminiscent of the micromechanics models, the precise details are different. This is because the different structure of the latter, and its inability to capture the local interactions between the collagen fibers and their surrounding. Particularly, the excessively stiff response predicted by the phenomenological model is due to the inherently embedded assumption that the fibers and the tissue are subjected to the same macroscopic deformation.
An interesting observation concerns the influence of the behavior of the fibers under compression. The difference between cases (i) and (ii) is represented by the difference between the curves marked by blue squares and those marked by green diamonds, respectively. We also computed the stored energy-density according to the phenomenological model for these two cases. Ones according to case-(i) without the contribution of the compressed family (blue dashed curve with hollow square marks), and once according to case-(ii) with the contribution of this family (green dashed curve with hollow diamond marks).
As anticipated, the curves corresponding to case-(i) are laying beneath the ones for case-(ii).
However, while initially the difference between the two pairs of curves increases, eventually the two are getting closer. The reason is the rotation of the fibers towards the tension direction during the deformation. Because of this, at some value of λ the compressive strains in the compressed family start to decrease till at large enough stretch ratio they turn into tension (deBotton and Shmuel, 2009 ). The fact that the level of the stored energy in the compressed family is severely lower than the one in the tensed family can be seen in Figs. 4 (ii) and 5(ii). It 
There is an excellent agreement between the two micromechanics based models.
To assess the ability of the NLC estimate to capture the behavior of the heterogeneous tissue we also compare the overall stresses determined via Eq. (25) The overall response of the tissue, which is dictated by the behavior of the collagen fiber, can be traced in these figures. Initially, the contribution of the fiber is negligible and the slope of the stress-strain curve is very low. At a stretch ratio of about 1.2 the contribution of the fibers becomes evident as the intensity of the stresses become larger than the shear moduli of the EFM. Subsequently, as the stretch ratio approaches 1.3, the stiff fibers dominate the response of the tissue and the slopes of the stress-strain curves increase dramatically. In both figures, since the stretches are along the principal orthotropic axes, the macroscopic shear stresses vanish.
In the context of the present work, we emphasize the fine agreement between the analytical prediction according to the NLC estimate and the predictions according to the FE simulations.
The stresses developing due to incline extensions are shown in Fig. 9 . Figs Once again, we observe that throughout the marks are laying on top of the curves. This indicates that there is an excellent agreement between the analytical NLC estimate and the corresponding FE simulations. The role of the fibers can be appreciated with regard to the overall response of the tissue. In the case of tension at β = 21.5 • , since the direction of the tension is closer to the direction of one of the families (the lower family in Fig. 1 ), the contribution of the fiber becomes evident at a faster rate and already at a stretch ratio of λ = 1.15 the tissue stiffens. Naturally, during a tension along one of the families (β = 43 • ) this phenomenon is further enhanced and the tissue stiffens already at λ = 1.1. An interesting observation concerns the shear stresses. When the extension is at β = 21.5 • large shear stresses develop in the tissue since the principal stretch is shifted from the principal orthotropic axes. At β = 43 • the shear stress are much smaller since the load is carried by a single family and the rotation of the second family is negligible (see also Fig. 7 ). In particular, since in case-(i) the extension is essentially along the preferred direction of the tissue, no shear stresses develop. In this work we made use of micromechanics based estimates for soft connective tissues with one and two families of fibers. Both analytical and numerical models were examined and their predictions for the overall response of a healthy human coronary artery were compared. The analytical model, which is based on the variational estimate of deBotton and Shmuel (2010), resulted in a close form expression which is no more complicated than corresponding ad-hoc phenomenological models. The numerical model is based on the homogenization of a periodic unit cell subjected to periodic boundary conditions. The constitutive behaviors for the collagen fibers and the EFM were calibrated by comparison with a phenomenological model whose parameters were determined for the modeled tissue during circumferential and axial tensile tests.
Under inclined loadings, when one of the families is tensed and the other is compressed, we examined the behavior of the tissue when the compressed family either contributes to the overall response or not. We find that under inclined loadings there is marked difference between the predictions of the phenomenological and the micromechanical estimates, where the former predicts a substantially stiffer response of the arterial wall. Contrarily, for all loading conditions there is a fine agreement between the predictions for the overall stresses and evolution according to the two micromechanics based models. This implies that the proposed close form analytical estimate adequately captures the response of connective tissues and the interactions between the EFM and the two families of collagen fibers.
APPENDIX A. THE EFFECTIVE BEHAVIOR OF AN INCOMPRESSIBLE LAMINATED MEDIUM
We follow the steps followed by deBotton (2005) and determine the effective strain energydensity functionΨ (L) (F) of a layered medium made out of alternating incompressible layers whose behaviors are characterized by the strain energy-density functions Ψ (l) (F), l = 1, 2. We assume that the thickness of the individual layers is at least an order of magnitude smaller than the thickness of the medium under consideration which, in turn, is smaller than its other dimensions. This scale separation assumption implies that under homogeneous boundary condition of Eq. (14) the local deformation gradients in the layers F (1) and F (2) are constants. 
where c (l) are the volume fractions of the layers composing the medium such that ∑ l=1,2 c (l) =
1. The continuity of the displacements across the interfaces between two adjacent layers are 
Consequently, the solution of the optimization problem Eq. (17) is trivial, and the effective energy-density function of the layered medium is nothing but the volume average of the constituents energy-density functions, namelỹ
We finally note that the above developments are independent of the precise constitutive behaviors of the phases composing the laminate. Moreover, the above arguments can be trivially extended to laminated media with more than two distinct phases (i.e., l > 2). This last observation may become useful if a distribution of the fibers is accounted for.
